EPFL - Fall 2022 Dr. Alexis Michelat
Distribution and Interpolation Spaces Exercises
Exercise sheet 7 2 November 2022

2 Distributions

Exercise 2.1. Let ¢ € .7(R). There are many ways to see that, but using that (log |z|) =

1
<p.v.—, <,0> =— / log |z]¢ (z)dx.
€ R

1
p.v.—, we deduce that
x

We have
dz
/ log |z|¢'(x)dz| < / j2|l¢(2)|dz < sup |2°¢/ (z) 5 = lellis-
R\[—1,1] R\[—1,1] z€R R\[—1,1] 2]
On the other hand, we have
’/[ . log | (x)dz| < |llog 2]l (1 1) 1 Loy = 2l1€l110-
Finally, we get
1
(pvg.0)| < @lolh + el o)
1
which shows (almost by definition) that p.v.— € /'(R).
x
Exercise 2.2. Indeed, we have
sup |27 05 (1a0) ()| = sup [¢70 (z + a)]
zeR z€R
Since ¢ € Z(R), if supp(¢) C [ R, R], we deduce that
sup ‘a:ﬂgo(a) (z+a)| = sup ’mﬂgp(a)(x +a)
z€eR |lz+a|<R
< S |27 (@ +a)| < (R+ |a])” || o gy < C (L + a])’
z|<R+|a

By contradiction, if e* € .#”(R), there exists n € N and C' < oo such that

(e )| <C sup [lofl,s-
lal,|81<n

Then, we get
[ (T, ) | < Cp(1 4 al)",

¢ = ¢ %% shows that

whilst the identity 7_,e* = e*~
| (%, 0) | = e[ (T-ae”, @) | < Cpe”(1 +[a])™.

By letting @ — —oo, we deduce that (e”, ) = 0. Therefore, the only continuous extension

of e” to '(R) is the 0 distribution, which shows that e* ¢ .(R).
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Exercise 2.3. For all ¢ € . (R), we have
T(p) =) anp(n).

If {a,}, oy has polynomial growth, we directly estimate

1
1+n?

T(o) < €+ ) ¥o(n) < O+ )Y 0] ey 3

neN neEL
= H(l + ’ﬁ‘)NHSOHLoo(R) <" <H<PH0,0 + H(pHN,O) .

On the other hand, if {ay}, .y does not have polynomial growth. By contradiction, assume
that

T <C sup ell,s-
ol |8I<N

Then, for all m € Z, we have

Z aner(P(n)

neL

Choosing ¢ € Z(R) such that ¢(0) = 1 and supp(y) C (—1,1), we deduce that

= [(ruT, )| = T, 7o) | < Co(1 + Im|)™.

am| = |7 T ()] < Cso(l + |m|)N’

which contradicts the assumption that {a,} does not have polynomial growth at

infinity.

neN

Exercise 2.4. Using the structure theorem 7' = Zlal <m Do, where each ji, has com-
pact support, we need only check the property for a Radon measure T' = u. A priori, we

only have T x ¢ € 2'(R?Y). Furthermore, for all ¢ € 2(R), we have

rxo) = (1o [ etwvtesnin) = [ ([ et nay) aute)

= [ vt ([ ot 0uto))

and the function
yr [ oy — x)du(r)
Rd

is well-defined since p has compact support, and standard derivation under the integral
estimates show that for all & € N?, we have

DT * p)(x) =T * Dp(z) = » Dp(x — y)du(y).
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Therefore, we have T x p € C*(R?). Furthermore, if supp(u) C B(0, R), we deduce
that

PO = [ 2 Dl - y)duly)
B(0,R)
Now, notice that for all y € B(0, R), and for all 1 < j < d, we have
|93j|5j < 281 (|x] — yj|ﬁj + |yj|5j) < 2lfI-1 (|ZBJ _ yj|5j + R\Bl) )

Therefore, we have

P ] <2 [T+ 1) D%t i
B(O,R
< 2771 (14 R 3 / (& — )" Do — y)|dp(y)
B8/'<B B(O R)
< 27 (14 R (B0, R) > el

B'<pB
We obtain the estimate
T 5 s < 27 (14 RV w(B0,R) > [16ll450 -
B'<p

The last assertion follows immediately from this estimate. Let C' < co and N € N such
that for all ¢ € . (RY),

1S(p)| <C sup o,
ol |8I<N

Then, for all z € R?, the function
F(x) = (Sy, o(z +y))

satisfies

<C sup yBD"‘gox—i—y -
FEl <0 s | My

We easily deduce from this identity that F' € C°°(R%), and that

||FHL°°( B(0,R)) <C" sup ||90Ha,3
la,|BI<N

Finally, we deduce that
(TS, 0)| = |T(F)] < C'u(B(O,R)) sup |loll, g,

|| BISN
where C’ only depends on R > 0.

Exercise 2.5. See the lecture notes for a general proof of this identity.
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